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Abstract. In [E| we conjectured a relation between the quan- 
tum U-modules of a smooth variety X and the projectivisation of 
a direct sum of line bundles over it. In this paper we prove the 
conjecture when X is a semiample complete intersection in a toric 
variety. We use the conjecture to show that the relations of the 
small quantum cohomology ring of X that come from differential 
operators lift to the projective bundle. The basic cohomology re- 
lation of the projective bundle deforms to a relation in the small 
quantum cohomology. 



Let Y be a projective manifold. Denote by Y^p the moduli stack of 
rational stable maps of class (3 G H 2 (Y,'Z) with /c-markings [FP and 
\Yk t p] its virtual fundamental class [BF] . |LT| . Throughout this paper 
we will be interested mainly in k = 1. Recall the following features 

• e : Yi t p — > Y - the evaluation map. 

• if) - the first chern class of the cotangent line bundle on Yi p. 

• ft : Y\£ — > Y 0> p - the forgetful morphism. 

Let hhe a, formal variable and 



The sum is finite for dimension reasons. Let p = {pi,P2, ■■■iPk] be a 
nef basis of H 2 (Y, Q). For t = (t , h, t k ) let 



The D-module for the quantum cohomology of Y is generated by |G2j 



1. Introduction 
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where we use the convention Jo = 1. The generator J(Y) encodes 
all of the one marking Gromov-Witten invariants and gravitational 
descendants of Y . 

For any ring A, the formal completion of A along the semigroup MY 
of the rational curves of Y is defined to be 

(1) A[[q p ]] := { a P^> a^e A, ft- effective}. 

/3GMY 

where ft G H 2 {Y,'L) is effective if it is a positive linear combination 
of rational curves. This new ring behaves like a power series since for 
each j3, the set of a such that a and ft — a are both effective is finite. 
Alternatively, we may identify q 13 with q^ 1 ■ ... -qf k = exp(tidi + ... + tkdk) 
where {di, d 2 , dk\ are the coordinates of ft relative to the dual basis 
of {pi, ...,p k }. 

We regard J(Y) as an element of H*(Y, Q)[t] [[/]]. 
Let * denote the small quantum product of Y. The small quantum 
cohomology ring (QH*Y, *) is a deformation of the cohomology ring 
(H*(Y, Qfo' 3 ]), U). Its structural constants are three point Gromov- 
Witten invariants. 

The generator J(Y) arises naturally in the solution of the small quan- 
tum differential equation: 

1 < i < k, hd/dti = p^. 

Furthermore J(Y) may be used to generate relations in QH*Y . Let 
V(h, hd/dti, q%) be a polynomial differential operator where and h 
act via multiplication and = e li are on the left of derivatives. If 
P(h, hd/dU, qi)J(Y) = then V(0,Pi, qf) = in QH*Y. 
If Y is a toric variety, J(Y) is related to an explicit hypergeometric 
series I(Y) via a change of variables ( |Glj . |LLY3j ). Furthermore, if Y 



is Fano then the change of variables is trivial, i.e. J(Y) = I(Y) thus 
completely determining the one point Gromov-Witten invariants and 
gravitational descendants of Y. In jEj we conjectured an extension of 
this result in the case of a projective bundle. We recall this conjecture 
below. 

Let X be a projective manifold. Following Grothendieck's notation, let 
7r : P(V) = P(©" =0 Lj) — > X be the projective bundle of hyperplanes of 
a vector bundle V. Assume that L = O x . The Jf*X-module H*F(V) 
is generated by z := ci(Op(y)(l)) with the relation 



Y[(z-c 1 (L l )) = 0. 



i=0 
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Let Si : X — > P(V) be the section of 7r determined by the i-th summand 
of V and X,- t := Si(X). Then Owv)(l)\xi — Li. Let {pi, ...,Pk} be a nef 
basis of H 2 (X, Q). In jE] we showed that 

Lemma 1.0.1. If the line bundles Li,i = 1, n are nef then 

(a) {px,...,p k ,z} is a nef basis of H 2 (F(V),Q) . 

(b) The Mori cones of X and P(V) are related via 

M¥(V) = MX © Z> ■ [/] 
where [l\ is the class of a line in the fiber of n. 

Here MX is embedded in AfP(V) via the section s . If C e P(V) is a 
rational curve, there exists a unique pair {y > 0,/3 G MX) such that 
[C] = v[l] + (3. We will identify the homology class [C] with (u, (3). The 
generator Jp(y) is an element of H*(¥(V), Q)[t, tfe+i][[?i , ?f]]- 
For a line bundle L and a curve a we denote -£/(«) := Ci(L) ■ a. 
Define the "twisting" factor 

fin^ ) (^-c 1 (L l ) + ^ ) - 

Let := T Uy! 3 ■ 7T*J/3 where 7r* is the flat pull back and define a 
"twisted" hypergeometric series for the projective bundle P(V): 

W)) :=exp(^±^).^ gi V^. 



In jEj we proposed the following 



Conjecture 1.0.1. Let Li, i = l,...,n be nef line bundles such that 
-K x - ci(V) is ample. Then J(F(V)) = I(W(V)). 

In the next section we prove this conjecture when X is a complete 
intersection in a toric variety. 

In the last section we study the consequences of the proposed conjecture 
in the relation between QH*X and QH*¥(V). Recall that H*F(V) is 
an if*X-module generated by z := ci(0p(y)(l)) with the relation 

n 

(2) H(z-c 1 (L i )) = 0. 

We show that the relations of QH*X that come from the quantum 
differential equations lift to relations in QH*F(V). We also show that 
(EI) deforms into the relation 



Y[(z - Ci(Li)) = q 1 



i=l 
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in QH*F(V). 



2. TORIC CASE PROOF 

Toric varieties and torus actions. Assume Y is a toric variety 
determined by a fan £ C IT 1 . Denote by b%, ...,b r=m+ k its one dimen- 
sional cones. Let Zy C C' r be the variety whose ideal is generated by 
the products of those variables which do not generate a cone in S. The 
toric variety Y is the geometric quotient of C — Z(E) by a torus of 
dimension k |A"j [C]. 

Let Li, i = 0, l,...,n be toric line bundles and V = ®^ =0 Li. The 
projective bundle n : P(V) — > y is also a toric variety and there is 
a canonical way to obtain its fan [Q]. Let Z n be a new lattice with 
basis {fx, f n }. The edges bi,...,b r of £ are lifted to new edges 
Bx, B2, B r in Z m © Z n and subsequently £ is lifted in a new fan 
Si in the obvious way. Let £2 C © Z n be the fan of P n with edges 
F = — Y17=i fii-Ft = /ij Fn — fn- The canonical fan associated to 
P(V) consists of the cones ax + a 2 where ax, a 2 are cones in Si, £2. Let 
N = r + n + 1. The torus T = (C*)* acts on both Y and F(V) by 
scaling of coordinates in respectively C r and C . The one dimensional 
cones correspond to T invariant divisors. The edges in the canoni- 
cal fan of the projective bundle, correspond to the divisors z — Ci(Lj) 
where z := Ci(Cp(y)(l)) while Bi correspond to the pullback of the 
base divisors associated with bi [Mj . 

Let L' a : a = 1,2, ...,M be semiample line bundles (i.e. generated 
by sections). Let X be the zero locus of a generic section s of E = 
ffi^i-L^ and let V be the restriction of V to X. The total space of 
P(V) is the zero locus of the section vr*(s) of the pull back bundle 
tt*(V). To assure that the conditions of the conjecture are met for 
the bundle F(V) over X we assume that Li,i = 1, 1, ...,n are nef and 

-Ky - J2a=X C l ( L 'a) ~ £?=0 C l (^i) is am P le - 

Let E d be the bundle on Y lt d whose fiber over the moduli point (C, xx, f ■ 
C — >• Y) is Q) a H (f*(L' a )). Denote by its canonical section induced 
by s, i.e. 

s E ((C,xx,f)) = f*(s). 
The stack theoretic zero section of se is the disjoint union 



(3) 



z( SE )= n Xx, p . 
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The map i* : H2X — > H^Y is not injective in general, hence the zero 
locus Z(se) may have more then one connected component. An exam- 
ple is the quadric surface in P 3 . The sum of the virtual fundamental 
classes [Xt )( g] is the refined top Chern class of E d with respect to s%. 
There is a stack morphism f{V)i^ Ui d) — ► Yi,d- Let E vd and §e be the 
pull backs of E d and se- The zero section of §e is the disjoint union 

i*(P)=d 

It follows that 

[ p (^)i>M)l = ^(^m) n [P(^)i, M )]- 

Consider the following generating functions 

tp + t k+1 z\^ v d fc top (E u4 ) n [HV)i,(u,d)} 



- c) 



and 



/(P(V-), £) = exp (*±|*±i£) £ tf*' ^ ,-e, fi*g^P ) 



Proposition 2.0.1. // -i^y - X] a= i c i (-^1) ~ ELo Cl (^*) ^ s am P^ e then 

J(¥(V),E)=I{¥(V),E) 

Proof. Let 

r fy F"l — TT QlgUgi + '"ft) TT nL-oo(fl- + rrM) 

From [TTTj . jLLY2j . [LLY3| we know that J(P(V),E) is related via a 
mirror transformation to 

I(¥(V),E) = exp + 



Likewise 



is related to 



J(r, £) = exp ^ J L * e * , /^- c ) 
J(r,E)=exp(|^g 2 d / d (F,E). 
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Since —K p( y^ — J2 a c i(-^a) and —Ky — J2 a c i(-^a) are ample, the mirror 
transformations are particularly simple. Indeed, both series can be 
written as power series of ftr 1 as follows: 

J(P(n E) = 1 + + o{h-% I(Y, E) = l + ^ + oih- 1 ), 

IV IV 

where Pi(qi, 92), -^2(92) are both polynomials supported respectively in 
A i: ={(i/,d) I (-K n y ) -J2ci(L' a )) = l; 
z-c^Lj) > Vj = l,2,..,n; £?, > V* = l,2,...,r} 

and 

A 2 := {d I (-K Y - Ci(L' a )) = 1; ^ > Vi = 1, 2, r}. 

Then 

J(P(n£) = exp ( "^J? 1 '^ ) J(P(V),i«0 

and 

J(Y, E) = exp I(Y,E). 



Let us examine the relation between A 1 and A 2 . From the exact se- 
quence 

-> Op (V) -> 7T*V*(1) -> T P(y) -> 7T*T X -> 

we find that 

i 

Assume (u, d) G Ai. Since — Ky — c i(-^a) ~~ XT=o c i(-^«) i s ample 
then z/ = 0. Now (z — ci(Lj)) ■ (0, d) > Vj = 1,2, ...,n and Lj are 
semipositive Vj = 1, 2, n. So Ci(L,-) • d = Vj = 1, 2, n. It follows 
that 

(_ Ky _ d(L'J) • d = (-Ap^ - £ Cl (L'J) • d = 1, 

so d G A 2 . Conversely, let d G A 2 . Then c\(Lj) ■ d — Vj = 1,2, ...,n 
since — Ky — c i(-^a) ~~ XT=o c i(-^) is ample. It follows that 

(-K m - ^ Cl (L'J) • d = (-^y - £ Cl (L'J) . d = 1 

and 

(z-c 1 (L j )).d = 0,Vj = l,2,...,n 

so (0,d) G Ai. 

We have thus shown that Ci(Lj) ■ d = 0, Vd G A 2 , Vj = 1, 2, n and 

Ax = {(0,d) I dG A 2 }. 
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It follows that % t d = l,Vd G A 2 hence Pi(qi,q 2 ) = i^fe)- Notice also 
that if we expand 




then 

ci(Lj) ■ a = 0,Vj = 1,2, ...,n. 
Hence for each (u, d) G MF(V) we have 

Now the proposition follows easily. □ 

As we commented in the sentence after equation Q, in general the 
above proposition is not very relevant for our purpose. However, if we 
assume that the map 

(4) i* : H 2 (X) ^ H 2 (Y) 

is injective, then one can easily show that 

and 

u{i v Anv)))=i uMP) {w{v),E). 

The proposition shows that the conjecture holds for complete intersec- 
tion in toric varieties that satisfy condition (0J). 

3. Relations in the small quantum cohomology ring 

In this section we use the proposed conjecture to study small quantum 
deformations of the cohomological relation 

n 

H*(F(V) = H*X/(]J{z - Cl {Li))) = 0. 

i=0 

As explained in the introduction, some of the relations in the small 
quantum cohomology ring come from differential operators. Let 

k 

ci(Lj) = ^2 a ijPj> i = 0, 1, n. 

3=1 

We obtain two kinds of relations in QH*F(V). 

First, the relations in QH*X that come from differential operators 
may be lifted to relations in QH*¥(V). Indeed, consider a polynomial 
differential operator 

V(h, hd/dh, hd/dt k , q 2 ) = tf^ 
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where A C MX is a finite set. Suppose that 



= VJ(X) = (exp(| )A MX) 

aeA P ^ ' 

aeA (3 ' aeA, 

Let 

n Li-a-1 d ^ d 

6 ° = n n ( h T)~t — e a ^%~ ~~ r ^)' ^ = e Q2 s <*'Pa, 

i=l fe+1 j=l j aeA 

with the convention that the factors corresponding to Lj are missing if 
L,i(a) = 0. We compute 

PmV)) = £<£*«5>« UeM Pt + Z h tk+1 )) <fl%fiJf, = 
aeA v,j3 ^ ' 

XI ^2 X Ca -/3 exp( Pt + ^ tfc+1 )q v l q^T ufi J (} = 0. 

A simple calculation shows that 

,pt + zt k+u „ p \ _ pt + zt k+1 v Pr 



5a yexp( K^2%/3j = ex P( ^ K?2%<*+/3- 

It follows that 

v aeA, (3 

Hence the relation V(0,pi, ~-,Pk, Q2) = in QH*X lifts into the relation 

n 

V(0,pi, ...,Pk,q2Y[(z - ci(Li)) = 
i=i 

in Q#*P(V), where 

' ra \ Q n 

]J(z - Cl {L % ) := ]J(z - Cl (L t )) L ^ a \\/a G MX. 

v i=l / i=l 

Second, we derive a gi-deformation of the relation Yli( z ~ c i(Li)) = 0. 
Consider the operator 

.0.0 . t r , d \ - , a , 
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It is easy to show that it satisfies 

AJ(F(V)) = 0. 
It follows that A(pi, ...,p fc ,z,gi) = 0, in QH*F(V) i.e. 

n 

Y[(z - Ci(Lj)) = gx. 

i=0 

Much like z n+l = q is the deformation in QH*F n of z n+1 = 0, the above 
relation is the deformation of niLo^ ~~ c i(-^«)) = 0- 

References 

[A] M. Audin, The Topology of Torus Actions in Symplectic Manifolds, Progress in 

Math. 93, Birkhauser, Boston-Basel-Berlin, 1991. 
[BF] K. Behrend and B. Fantechi, The intrinsic normal cone, Invent. Math. 128(1): 

45-88, 1997. 

[C] D. Cox, Homogeneous Coordinate Ring of a Toric Variety, J. Algebraic Geom. 
4 1995, 17-50. 

[E] A. Elezi, A Mirror Conjecture for Projective Bundles, Intcrnat. Math. Res. 

Notices 55 2005, 3445-3458. 
[FP] W. Fulton and R. Pandharipandc, Notes on stable maps and quantum coho- 

mology, in Proceedings of symposia in pure mathematics: Algebraic geometry 

Santa Cruz 1995, 62 Part 2, 45-96. 
[Gl] A. Givental, A mirror theorem for toric complete intersections, in Topological 

field theory, primitive forms and related topics (Kyoto, 1996), Progr. Math., 

160, Birkhauser, 1998 141-175. 
[G2] A. Givental, Equivariant Gromov-Witten invariants, Int. Math. res. Notices 

13 (1996), 613-663. 

[LLY2] B. Lian, K. Liu, and S.-T.Yau, Mirror principle II, Asian J. Math 3 (1999), 
no. 1, 109-146. 

[LLY3] B. Lian, K. Liu, and S.-T.Yau, Mirror principle III, Asian J. Math, 3 

(1999), no. 4, 771-800. 
[LT] J. Li and G. Tian, Virtual moduli cycles and Gromov-Witten invariants of 

algebraic varieties, Jour. AMS 11 (1998), no 1, 119-174. 
[M] A. Mavlutov, Cohomology of Complete Intersections in Toric Varieties, Pacific 

J. Math. 191 (1999), no. 1, 133-144. 
[O] T. Oda, Convex Bodies and Algebraic Geometry, Springer- Verlag, Berlin, 1998. 

Department of Mathematics and Statistics 
American University 
4400 Massachusetts Ave 
Washington, DC 20016 
aelezi@american.edu 



